INTRODUCTION
Let t be an arbitrary real number, and / any numerical function. In number theory we often study the summatory functions the cases t = 0 and t = -1 tend to be of particular interest. In many cases, there are known elementary functions gt{x) such that where Et(x), the "error term", is usually known in terms of rather awkward sums or to an order of magnitude. For example, if cr(n) is the sum of the divisors of n, and t -0, then we have (2) or, more precisely, (3) where B x {x) is the quantity {x} -| and {x} denotes the fractional part of x; here g o (x) is YJx 2 , wliile E t (x) depends (primarily) on the sum V ±Bi (f) • Suprisingly 448 R.A. MacLeod [2] often, the values of Et(x), over the integers, show at least initially a preponderance of either positive values or negative values. For the example of (2), E t (x) is positive for the first ten integers and for 88 of the first 100. Since we presumably have a fairly natural question seems to be to establish the minimum or maximum values of (Et(x)/gt(x)) over the integers x ^ 1. We obtain several results along this line for functions related to divisor functions. If we write d(n) for the number of divisors of n, and cr a (n) for the sum of the a-th powers of the divisors of n, then some of the more interesting results are:
lias its minimum at x -23 (maximum at x = 1, 2);
has its minimum at x = 179 (maximum at x = 1);
has its maximum at x = 179 (minimum at x = 1,2);
is always positive for a = 2,3,4 , has limit 0, and is negative for at most a finite number of positive integers x for any integer a ^ 5;~ --l o g 2 x -2 7 l o g x j is always positive and has limit 0;
Extreme values for divisor functions 449 is always positive and has limit 0;
ix log x Our objects, therefore, are twofold: to obtain good usable upper bounds for the functions Et(x), as in the last two mentioned above, and to use these to study the relavent extreme values.
Our methods are completely elementary. Among results known for other arithmetic functions, we mention the following:
has its minimum at x = 1276 (where 1276 gives only the second negative value);
has its minimum at x = 13;
has its minimum at x = 176. For proofs, see respectively [2] , [3] and [5] . wAere
where
PROOF: These follow immediately from the Euler-Maclaurin sununation formulae.
Note that, for an integer x,
From Lennna l(b) and (5), Lenuna l(a) could be strengthened to (6) lRl{x)l *L x ->+*.,-, [5] Extreme values for divisor functions 451 while from Lemma l(d) and (5), Lemma l(c) could be strengthened to
<(') = i + ^ + ^r + MO, witi. h{t) < y -^y -n COROLLARY 2.1.
f i l l t e g e r fort = l. PROOF: This is Lenuna 6 in [4] . I
Iu our applications, we will take k to be [y/x\ and take c(n) to be 1, in which case C' r is L r .
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700027076 
(ii) ITo^JKl; Hence, putting (12) and (13) into (11), we get
As regards results (ii) and (iii), we have, since
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Also,
x + k " 
(ii) |r(s)|<&V£+£;
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700027076
[11]
Extreme values for divisor functions 457 PROOF: We have, putting t = 0 and c(n) = n in Lemma 3, In this last expression, we note that
Thus we have where we have, as required, 
, 1
Now from (7), with t -2, we have
Because \x 2 -x| has a maximum on [0,1) at x -\ , we have (35) and the second result now follows. Finally, we note that |-< yfx + 2, so that 
